7.1 Harmonic vibration of 1d one atomic lattice (application of a quantum harmonic oscillator).

We supposed that the lattice is one dimensional. All atoms are chemically identical. The temperature of lattice is

zero, it is means that atoms are fixed in the its own lattice nodes.

n-1 n n+1 n+2 n+3

As we shall subsequently learn, all the regularities obtained for this artificial one-dimensional model prove to be
true for three-dimensional lattices as well. Very important to emphasize that atoms in this model can be displaced
only along (not perpendicularly) the chain of atoms, we have longitudinal type of atomic vibrations.

The our general aim is a calculation of thermal capacity of crystal and dependence of thermal capacity on
temperature.

The total number of atoms in lattice equal to N, and we presume that this number is sufficiently large (the order of
Avogadro's number 10*). For small deflections of atoms from their equilibrium positions the arising interaction forces
may be considered quasielastic, i.e., proportional to the variation of the interatomic distance. The force acting on each
atom is proportional to deflection of atoms from equilibrium position or by the other words me can use the Hooke's
law for calculation of this forces. All atoms are numbered and u, is a displacement of the atom with number n from
equilibrium position. We presume that nearest atoms are connected by spring with elastic constant g. So the total

potential energy of the whole crystal could be written as follows:

V=293 (u,-u, )’ (1)
n
In this equation (u,-us.1) is an extending or compression of linear spring connecting two atoms with numbers n
and n+1. This is a quite classical equation. The equation of motion or second Newton's law or the equation describing
the dependence of displacement of n-th atom from equilibrium posititon u, on time is looks like so:

m-a,=m-u, =F, , here m- is mass of atoms. 2)

F, - force acting on atom with number k. This force can be calculated from (1) with general expression:

dv
B 3)

So for atom with number k the equation of motion is looks like so:

uk:%[uk+1_2'uk+uk—1] 4)

For calculation the force action on the atom with number k we need to taken into the account only two members
of this sum included the deflections of this atom from equilibrium position (u,,,—u,)* and (u,—u,_,)* (we assume

that in our model only the nearest atoms interact). In our case the total number of equations is equal to number of
atoms. All equations are depend on each other. So we have a very complicated system of the second order differential

equations. How to solve this problem?



But if the forces acting between the atoms are linear (as in our case) so the solution of such problem is well

known, this is a harmonic function or harmonic traveling wave propagating along the chain in the both directions. I'll

()

write the harmonic functions in exponential form. So we get:
1
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Here A is a amplitude of given wave, w is a cycle frequency, g-wave vector (it is well known that the length of

‘A-e'*%) ' mass of atom and N-total number of atoms.

. . i . . .
this vector is equal to Tp, A is a wave length) and a is a distance between nearest atoms. Do not forget that the

linear combination of the harmonic solutions is also a solution of the equation (4). Or by the other words if we needto

describe the motion of atom with number k, we have to take into the account total set of all possible harmonic waves.
u (t)_ 1 z A _ei(a}t+qak)
k - q .
N 4
The q parameter can be used as an index for numbering different harmonic waves. If we substitute the solution (5)

into the equation (4) we will get :
_a)Z'A_ei(wt+qak):£(A'ei((ut+qa(k+1))_2A.ei(wt+qak)+A.ei(wt+qa(k71)))

m
_wZ.eiqak:i(ei(qa(k+1))_2ei(qak)+ei(qa(kfl))
m
_a)2:£(eiqa_2+e—iqa)
m
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=291
W= [1—cos(qa))
=49 299
@'=—-sin ( 5 )
49
after replacement w,=+/—= we have:
m
. (qa
olq)=ay fin( L) ©

So we got the dependence of the cyclic frequency on the wave vector or so called dispersion relation (Figure 1).
Due to the periodicity of frequency (sine function), it is not sense to take into the account all possible values of wave

vector but only nonequivalent values of wave vectors located in the interval from 0 to 2m (figure 2) or more

symmetrical option (figure 3).
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It is clear that (q)=a," sin(%)‘: w,’|sin 5 =w(q+===),here n is any integer number. .
a
For displacements (5) we have the same result:
1 i(wt+qak) 1 i(wt+(q+sz)ak) 1 i(wt+qak) _i(2-mnk)
u(t)=—=-A-e =—-A-e =—A-e e ,herenandk€ Z
VN VN VN

Now we can use equation (5) to describe the vibration of any atom in crystal, but before that it is necessary to
determine the value of the wave vectors q. How to calculate it? We use for this aim the periodic boundary
conditions, it means that the atoms with number k and k+N are the same atoms. Mathematically it's means that

displacement of the atoms k and k+N from the equilibrium position are equal:

U=Upsy This replacement is needed to eliminate an (7
After applying the equation (5): explicit time dependency.
1 i(wt+qak) 1 iwt \igak 1 iqak

u (t)=——=-A-e =——I!Ae" " =—=Alt)e 8
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Afte substitution one into the equation (7) we get:
eiqka:eiq(k+N)a
A little simplification give:

eina: 1

This is possible if q-N-a=2-pi-n,here n€Z and q= % n= % n here, L — total length of 1d crystall. If we

take into account figure 3 the non equivalent values of wave vector located in the range [ —% , %] and could be
a a

calculated as follows:

2 pi N N
=——n,andn€|——,+—
anann[2 2] 9)
As you see the wave vector q is discrete parameter which have N valid different values in the range from —Z to %
a a
with step Ag= 2pi .

L



The wave vector can be interpreted as the order number of a harmonic wave propagating in a 1d chain of atoms.
The total number of distinct, nonequivalent harmonic waves is equal to N (a large but finite number). Once the wave
vector is determined (take it from (9)), we can calculate the frequency of the corresponding wave using (6). And at the
last stage, we can calculate the displacement of any atom in the chain that participated in the creation of this harmonic
wave using (5).

An important note: if we want to calculate the real displacement of the k atom, we need to take into account the
combination of all harmonic waves. Each atom participates in the creation of all harmonic waves at the same time:

+

T
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_ i(w(q)t+qak)
u,(t)= ——.A e , here (10)
‘ === \/(N) !

Ag- is an amplitude of harmonic wave for cooresponding wave vector q. Total number of terms of this sum is N.
Now i want to calculate the useful function , density of vibrations which definition is:

(w)=90

~dw (11)

The physical meanings is the number of harmonic waves with frequencies in the range from ® to w+dw. The integral
w,

f g(w)=n,, is equal to number of harmonic waves in region of frequency from w; to ®,.
[

We start from equation (9) q= %n . The differentiation give :
2 pi
dq= =P in (12)
L
Or for dn:
L
dn=——d
5 2 d (13)

After replacement to (11):
L d L 1
()= q_

27do 2xdw (14)
dq
.. dow

Derivative E can be calculated from (6):

d W, a

d—fj= > [cos () (15)
Substitution to the (13) give:

()= dq_ L 2 - L 1 - L 1 N1
- - 4

2xdw 2x
wy-a

cos(%)‘ 4

cos<q_;>\ 7a \/1—51112(‘42—“) V(wp- o) (16)



It means that we need take into the account both branches
(left and right on figure 3 ) and multiply (16) to 2.
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The graphic of function you can see on figure 4.

159 There is a useful formula that can be used to further
) simplify the calculation of specific physical properties of
o crystals.

10 +

dg=-"g(w)d w (17)
51 27
alll | | | | | So, now we are ready to start the calculation of heat
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/0, capacity of the one dimensional artificial crystal from the

point of view of classical physics.

The first assessment for heat capacity can be done with a very simple_classical approach. From the classical

point of view if the total number of atoms is N and lattice is one dimensional, in this case the total number of the
degrees of freedom is equal to N (1 for each atom, we assume that there is only longitudinal displacements of atoms

along the chain of atoms). If the temperature of crystal is not zero, so the average thermal kinetic energy associated

with one degree of freedom is equal k2_T and the total thermal kinetic energy of whole crystal is equal to kTTN . The

average kinetic and potential energies associated with thermal motion are equal. It means that the total internal
energy of the crystal is equal to KTN. So as you see we can calculate the heat capacity of lattice (need to calculate the
derivative with respect to temperature T) and we get simple kN. The result do not depend on the temperature. This
result is conflicting with the experimental data. Experiment show that for low temperature the heat capacity have a
very strong dependence on temperature and proportional to T" here n is the dimension of crystal.

But what give us the quantum mechanical approach ? We start from the exact calculation of internal energy of the

crystal. The classical formula for calculating the internal energy of crystal is look like so:
E=E,,+E,,= % my. ui+% g2 (u,—u,,)*, summation over the all atoms. (18)
k k

The calculation of kinetic energy give:

1 o 1 .k
Ekmzamz uiZEmZ Uy U, (19)
k k
After using (8) we have:
1 T |  igka * _ig'ka
Ekm=—mz U, U, =—mZZAqeqk ZAq,e q'k (20)
2 & 2N 44 =
After reordering of summation:
1 . .x_m oo ~i(qg—q')ka
By =om) et =D A AL D e (21)
k aq’ k

The last sum in (21) could be represented by delta function:
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(22)
ifg#q' then e fla=a'lkajq 5 fagt oscillating function and corresponding sum is equal to zero.
After simplification we have:
‘2
km mz uk uk - mz Aq (23)
q
As you see , in comparison with (19), the summation over the atoms is replaced by the summation over the wave
vectors.
By the same way for potential energy:
1 « 1 * * * * 24
Epot_Z_QZ(uk_uk+l = gz uk+1 uk+1) —592 (uk'uk+uk+1'uk+1_“k+1Uk_uk'“ku) (24)
k k
The corresponding amounts can be calculated separately (prove it!):
* 2 * 2 * 2 iqa * 2 _—iqa
%Zk: uk'uk:%ZAq %Zk: uk+1'“k+1:%2Aq %Zk: uk+1uk:%2 Ay e %Zk:uk'uku:%qu'e !
q q q q
After the substitution to (19) we will get:
_2 g 4g qa . _1 2 2
E, Z A% (1—cos(qa))= > Z . Alsin (7) and after using (6)—52 mw (q)-A,
q q
Finally for total energy of vibrating crystal:
1 .
tot ZE mA¢21+mw2(Q>'Az) (25)

q

Does this equation remind you of something? This equation means that we can represent the lattice vibration as a
vibration of the set of independent harmonic oscillators, and each oscillator is associated with one harmonic wave
with specific wave vector q. The total number of such oscillators is N, and the wave vector is the number of the
oscillator. But if so, we can use an exact quantum mechanical expression for the energy of harmonic oscillators. So:

Etot_z (h'w(q)'<nq+

q

1
5)) (26)

For a nonzero temperature value, it is necessary to take into account the filling of the upper energy levels for each
harmonic oscillator. To do this, we must use the average value for quantum numbers nq described by the Bose-Einstein
distribution:

(27)

After substitution to (26) and ignoring of zero point energy:



h
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Summation over the g-vector can be replaced by integration using the following standard relations:

3.

q (2” q

® _for 3d space and

Z —) f .dg—for 1d space, here V and L are volume and length of crystal .
q

Now for total energy we have:

72 72

holq)  _Lr _holq)
Etot 2 .[/2 holq) dq_TT ) qu (29)

I kT _1 e kT _1

after using (17) and (16) :
@
2N fiw 4q
E.=% f 2 )dw, here w,=1 — (30)
2

The heat capacity for a fixed volume can be calculated as a derivative of the total energy with respect to temperature:

(hofe

dow (31)

Using new variable x= 7{—1&,} give :

h h
- dx , here x,= %1%
)e _1 kr kT

(32)

Jl'f\/ 2)

For one mole of atoms N=N, we have kNs=R. On figure 5

1.0} f 1 you can see the result of calculations of specific heat for
two different values of vo. For high temperatures, C, tends

0.8¢ v,=1 THz 7 to the classical limit R.

0.6l v,=10 THz] It is well known, from the theory of elasticity, that

the speed of propagation of sound impulses in a solid rod

© 0.4} { vo=VElp.

1 For chain of atoms ,02% and Young modulus :

0.2}
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figure 5 T(K) relative extension |u,—u,_,|/a

from where do we get voza-\/E .
m



There are two different types of speeds describing propagation of waves in matter, phase velocity (velocity of

harmonic wave with fixed q) v p:% and group velocity (the rate of energy transfer in the crystal) v = ij—;u . For
sin 4
chain of atoms: v,=v, aq and v, =v|cos %‘ . For small wave vectors(very long wave limit) v,=v =vj.
2
1.0 _ On figure 6 presented the the dependence of group and
figure 6 phase velocities on wavevector.
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