6. Harmonic oscillator

In classical physics if we consider the parabolic potential energy (parabolic potential well) U = kx*/2
(elastic force F = - kx elastic forc potential energy), we get harmonic oscillations. Frequency is equal to
® = Vk/m , where M is the mass of oscillating body. Classical energy of oscillations is continuous.

Every body oscillating harmonically is called harmonic oscillator. Harmonic oscillator has several
applications (small oscillations in twoatomic molecule, in crystal atoms oscillate and so on). In
microworld the behaviour of harmonic oscillator is quite different from the classical one: energy is
discrete and the probability disribution is different from the classical one. Next we prove it solving the
corresponding Schrodinger equation. As we see, it is quite complicated procedure, since the differential
equation we have is different from those used in classical physics.

We have the following potential energy

y(x)=E y(x) .

6.1 Change of variables. In order to solve that equation there are several standard steps to follow. The
first one is to change variables and write the equation with less constants. In our case we define
variables
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and write our equation as

dy (§)

@ V=R (E) o~y (rEu (E=ay (8) -

6.2 Asymptotical solution. Since the variable § is not restricted we must find out whether there exist
finite solutions if the variables tend to infinity. If |£] = o , we demand that y (&) 0 .

If |E£]|>> A, we have the Weber equation —i (&)+&y (&)=0 .The exact solution of one is the so-
called parabolic cylinder function. Asymptotically (for &->co ) this function gives:
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g (&)=f(1/E)e *+f,(1/E)e? .

The part exp(&”/2) should be excluded due to the singularity at infinity.

6.3 Power series. Having asymptotical solution (we use only the exponential part of the asymptotical
solution} we next try to find the general solution in form



where v (&) is some new function we must find. Substituting the above given solution to our
Scrodinger equation we for v (&) get the following differential equation

v —2&v+(A-1)v=0 .

Next we assume, that v (&) is expressed as a following power series function
v(g)=2a¢ .
r=0

Whether the serie is finite or infinite, we analyse later. Calculating derivatives

vi(§)=2ra &
r=0
and

v"(5)=§)r(r—1)ar€"252(S+2)(s+1)as+255 ;

s=0
(we changed r to s = r-2). After substitution to our differential equation, we get

2 (r+2)(r+1)a,,,& =22 ra, &+(A-1) a,&=0 ,
r=0 r=0 r=0
i.e.

> ((r+2)(r+1)a,,,—2r a,+(A=1)a,) &=0

r=0
Taking the term before & equal to zero, we have

q = 2r+1-2 a
2 (r42)(r+1) 7

We got the formula to calculate the coefficients a, . One of the solutions is given by even series
function

a,#0 and a,=0 ,
and other by odd series function

a,#0 ja a,=0 .

Now we analyse the large & behaviour of v (&). When & - o we see that v (&) oo and has

identical limiting behavior as et . For large & we have
Ay 2
a, r
which is the same as for e .
Therefore at large values of &
v(g)~e®

52
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and ¢ (&)=v (&)e is not finite. Therefore the power series function must be finite. It means that
serie terminates on some value n (in other words we have polynomials)

a#0 ja a =0 .



2n+1—2A

From an+2=m

a,=0 we get that

A=2n+1, (n=0,1,2,...).

We got the first important result: to avoid infinities the parameter A4 must be discrete and must have
the above given values.

6.4 Energy. Since the parameter A was related with energy, we get that the only possible energy
values for harmonic oscillator are as follows

En:hw(n+%), n=0,1,2,... .

Therefore the energy of quantum oscillator is discrete, difference between the neighbour levels is equal
to Zcv . The minimal energy is nonzero

therefore the quantum oscillator always ,,moves® and cannot be at rest.

6.5 Eigenfunctions. Next we try to find eigenfunctions corresponding to the energy E . For each
A=2n+1 we get certain polynomial which is called Hermite polynomial

vo(&)=H, (&) .
Hermite polynomials are solutions of the following differential equation
H,(§)=2& H,(£)+2nH,(&)=0 .

Eigenfunctions are expressed as

or using the variable x

A, is normalization constant.

6.6 Some properties of Hermite polynomials. Before going to calculations we write down some
useful properties of Hermite polynomials. It appears that our calculations simplify if we introduce
certain helping function which is called the generating function. It is defined as follows

F(s, &)=e #2518l
The use of generating function is that it should be expressed, using Hermite polynomials, as follows

0

F(S, E):Z Hn(f) s

/
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In order to prove it we at first give some useful relations for F(s, &) . Calculating
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we see that F(s, &) satisfies the following differential equation
OF OF
—+—=2¢ F .
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Calculating
2
a—1*;:4 s’F
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we see that F(s, &) satisfies the following second order differential equation

FE_ygOF 5 OF

Proof. Now we shall prove that the power series expansion of F(s, &) also satisfies the above given
differential equation. Calculating derivatives

31 (€

n=0

and substituting them to differential equation, we get
ZS— (H,—2& H +2nH,)=0 .
aon!

The left side is identically equal to zero, if and only if H, are Hermite polynomials.

Next we derive the general expression for calculating Hermite polynomials. It is possible to verify that

_|d" _|d" e-(s-ep|  _
H = F S, = e =
(o= Lr s, 0 oLt
_e|d —(s—é)zl (—1) e d" g
—e e H=1)e — (e "),
s=0 dé

which gives

(here the coefficient before &" is always 2" ).

Some examples

Ho(&)=1, H,(§)=2¢, H,(§)=4&-2,

H,(&)=88-12&, H,(&)=16&'-488°+12 .

Some useful relations



H;’(é)zann—1<€) ’ EHn(é):l
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6.7 Normalization of eigenfunctions. Let us prove that eigenfunctions are orthonormal and find
normalization coefficient A . Consider the integral

fwm ), (x) dx

Going to variable & and using the general expressions of eigenfunctions via Hermite polynomials, we

get

fwm X)y,(x) dx=A *A\/i H(&)e ¥dE .

In the next paragraph we prove that

Vr 2"n!, if m=n,

- & _
me(E)Hn(€>e d§= 0 , if m#n.

If m # n, the integraal is zero, therefore the different eigenfunctions are orthogonal.

If m = n we normalize the function to 1. We have
2 h n —
A | \/—JE 2"nl =1,
mo

which gives (we choose A to be real)

A :\/ \/% E( mao )1/4 1 .
" \Vrnr2"n! h \/\/7‘[2“1’1.’

Eigenfunctions in a final form are

2
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me \1/4 1 mw TR
v, (x)=(5~) H, (= x)e
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Some special cases.a.)
The ground state (n=0).
2
mow x
mo -
E,;=hw/2, y,(x)= (n h>1/4 e 2f
0.7 — 1|J
06 1 g Behaviour of quantum oscillator is different from the
05 classical one. Probability density is maximal in centre

(equilibrium point) and is nonzero outside the
classsical region.
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b.) First exited state (n=1). E,=3%®/2 and
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Behaviour of quantum and classical oscillators are also
different.

c.) State with principal quantum number n = 10.
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Formally the density of probability for pa
physics too. The probability to find particle i
as follows:

70
60
50
40
30
20

10 4

T T T T T T T T T
-10.0 =75 =50 =25 0.0 2.5 5.0 7.5 10.0 E

The classical and quantum oscillators behave
differently, but in the case of large n we see that the
average of quantum probability distribution is
practically equal to the probability of classical
oscillator. That is the general result, since in the limit
of large quantum numbers we have the same results as
in classical physics. /

On graphics &= hw x and used dimensionless

wave function LY .
( mo )3/4
fi

y/ ) can be calculated in the framework of classical
side of region of coordinate [x,x+dx] can be calculated

dP=p(x)dx .

The corresponding probability dP can be calculated
by this way dP=dt/T here, dt - the duration of the
particle's stay inside the coordinate interval [x,x+dx]
and T-period of vibrations:

%:p(x)dx .

The coordinate for classical harmonic oscillator
depend on time as follows:



x(t)zacos(z—ﬂt) .
x/a T

The expression for time give: t= %{ arccos (2) and derivative dt - 1

21 /a2_x2
After substitution to for classical density of probability we will get:
1 1
p(x)=% :
T /az ¢

The graph of the corresponding classical probability is shown in the figure.

For comparison, the calculation results
are presented for n = 100.
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7. Harmonic oscillator (some usefull integrals)

Here we discuss how to calculate integrals. For each special case there are certain rules and
procedures how to do it.

In the previous paragraph we used the integral

' —& g Vi 2'n!, if m=n,
—'[on<E>H”(€)e ds 0 , if m#n.

Here we demonstrate how it is calculated. The general principle is that using the generating function we
try to find such a integral, which is expressed through the above given integrals. In our case it is
integral

+00

| F(s, &) F(t, &)e * de .

— 00

We write it down using the direct expressions of generating functions (left hand side of the following
equality) and next using the expression via the Hermite polynomials (right side of the following
equality)

Te— 4256 — 24216 &2 di= i zw: F Hm(E)Hn(f) Smtne—éz de .
m=0 o

o n=0—



As we see, on the right side there are just the integrals we try to calculate. We now must calculate the
integral on the right side (which in principle simple, since we must integrate exponents) and then
expand the result as series on s and t.

The left hand side integraal gives us

+00

) ) ) +00 e +00 o
J'efs+2$§ft +2tE— & dEZQZSt fe (E-s—t) dE:eZSt fe u dl,l:\/; eZst )

— 00

(We changed the variable: u=&—s—t and used the integraal f e Y dng—n , r>0 )
) r

Expanding the result as series on s and t, and demanding that it is equal to the right side, we get

m,n t«

o et =/ 27 sT" st = oyt e
Jr e = JTZ p— —ZZ me(S)Hn(S e = d&
m=0 : e

n!
m=on=0 112 0,

Comparing the expressions on the left and right side we obtain the integrals we have used in the
previous paragraph.

Next we give three more useful integrals (proofs are given in Appendix).

First integral.

Mw [n+1 . _
7 AN, lf m=n+1,
22 dy 2
f‘/fn - dx= Mw |n .
~o0 dx — T E, lf m=n-—1,
0 , if m#n=xl.

Second integral.

‘/ n ‘/n+1’ if m=n+1,
Mo 2

+j%//”xz/imdx: N h ‘E , If m=n-1,
. Mmw \ 2
O >

if m#n=1.

Third integral.
7

2Ma

h . —
ﬁ/’nx22/’mdxzm (n+)(n+2), if m=n+2,

h Jn(n-1), if m=n- 2,
w

0 , if m#nand m#n £2.

2n+1), if m=n,

+ o0




Example 1. Mean value of energy. Mean value of potential energy for state %, (x). Using the third
integral, we get

+o 2.2 2 4+ E
<Uz,= [ 0, (0 M8 g () =M [ y2(x) a= 22 (2ne1)=2

The result is the same as in the classical case.

Since the energy operator is a sum of operators of kinetic and potential energy

H=T+U ,
we without calculations can say that also
En
<T>=— .
"2
(Always < H >=E, ).
N hZ dZ ~2
Since T =- == P , we find the mean value of momentum square.
2M dx 2M
1, _E,
<T> =——<p°> ="
nTom P T
therefore
<p>> =M EnzM ho (2n+1) .

Example 2. Uncertainty relations for oscillator. At first we demonstrate that
<x> = j'z/;”(x)xz//”(x) dx =0 |

dl.! (X)

<p>,=-in J‘w (0L gy =0

First result follows from tha fact that under the first integral there is always an odd function, the second
follows from our first integral.

Next we deal with root mean square deviation
(Ax P=<(x—<x> ) >=<x’>—<2x<x>>+<<x>*>=<x’>—2< x>’ +<x>°=
=< x’>—<x>?

Since <x> =0 and using the third integral, we get

+0o0

(Axfi=<x*>,= | Xy7(x)d

J ; dx= > Mo —(2n+1) .

Above we find that



<p*> =ME, th

(2n+1) .

Therefore we have
2

(AxR(apfi=t(2ne1)

and the standard form of uncertainty relations is

Ax -Ap, —h(2n+1) :

For the ground state n = 0 it is minimal
Ax- Ap =—
2 ’

for other states it increases linearly on n. Here we see that the minimal value of products of uncertinties
is indeed 7/ 2, but mostly it is greater.

Appendix:

1. First integral. Expressing it with the help of Hermite polynomials we have

fosn a4

We calculate the next integral using the following combination of generating function.

TF(S E)e_%zi(F(t E)e—f—;)déz’j?e—ﬁusé—gi(e [+2t§_6_2)d€_
o ’ 0¢& ’ Lo 0¢

:fe—52_12_§2+255+2t5( f+2t dé = 2 J’ —(&—s—t)? E s— t)+t s} dé=

0 X

=(t—s) e J'e—(f—s—t)z dé :\/E“_S) o2t
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Next we express these integrals using Hermite polynomials

~

2 2 2

+00 _E_ 00 00 _é_ —_
JFls &) 2(%( (e e ) dg=3 > S [ H (€)e @ S H, (e | de=
= _ o) (2St _ 0 2n(sntn+1_sn+1tn)
= (rlt=s) e=m(e=s) 3 2L m S T .

Comparing the expressions of both series, we get as a final result
Jr 2"(n+1)!, m=n+1
dé=\ /g 2" ' nl, m=n—1
0, other cases
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i o d 2
Ja(g)e d—JHm(ae




Substituting the normalisation coefficient, we get the first integral.

2. Second integral. That integral is calculated without the generating function. We use the properties of
Hermite polynomials and express &H , (&) as a superposition of other polynomials

f‘” X)X gl )dX:%AnAman(é)éHm<€)e‘fzdé=
RA A +*» ,
==t [, (8)(3 H,,(€)+mH,,_, (&) dg=
nA A 0 ) +0 )
= o %LHn(E)Hmﬂ(ﬁ) e dg+m [ H,(&)H, ,(€) e d

To obtain the final result we must use integrals we calculated at first.

3. Third integral. Third integral

+0 i +00 )
L) 2, (x) de=(=2 4,4, | H(§) €H,,(8) e dg

is calculated with the help of generating function. We start with the integral

[ F(s,8) Fle8) e dg=e™ [ e e dg = | (st |=
2 s ) & 2" s " (2n+1)
= nz() n! +,§5 n!
On the other hand
[Fls8)FlLe @ea=3 3 St [n, gede
- n=0 m=0 I =
which finally gets

Jr2"'ni(2n+1) , m=n

H,(¢)H, () e dg= Vr2"'(n+2)!, m=n+2
—o0 \/Ezn—2n!’ m=n—>
0 , other cases

and leads to third integral.



