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Question 4

Derive the system of linear equations for first-order corrections to
energy and zero-order corrections to wave function. Secular equation.

Answer

We consider the perturbation theory for a system with degenerate unperturbed

states {ψ(0)
k }, with unperturbed energy E(0).

Perturbed Hamiltonian:

Ĥ = Ĥ0 + λĤ ′

Expansion:

ψ = ψ(0) + λψ(1) + . . . , E = E(0) + λE(1) + . . .

Substitute into Schrödinger equation and collect first-order terms:(
Ĥ0 − E(0)

)
ψ(1) +

(
Ĥ ′ − E(1)

)
ψ(0) = 0

Projecting onto the unperturbed degenerate basis ψ
(0)
n , we get:∑

k

(
H ′

nk − E(1)δnk

)
ck = 0

This leads to a homogeneous system of linear equations:∑
k

(
H ′

nk − E(1)δnk

)
ck = 0

Secular Equation:

det
∣∣∣H ′

nk − E(1)δnk

∣∣∣ = 0

Solving this determinant equation yields the allowed first-order energy cor-
rections E(1). The corresponding eigenvectors give the linear combination coef-
ficients for the corrected wave functions.
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Question 7

For equations:

a) Ĥ0φ
0
n = E0

nφ
0
n b) ih̄

d

dt
ψ0
n = Ĥ0ψ

0
n

How does the solution for (b) look in the stationary case? What
is the relation between wavefunctions φ0

n and ψ0
n? What is the rep-

resentation of the wavefunction in the case of a time-dependent per-
turbation:

ih̄
d

dt
ψn(t) =

(
Ĥ0 + Ĥ ′(t)

)
ψn(t)

Answer

The solution to (b) in the stationary case is:

ψ0
n(t) = φ0

n · e−iE0
nt/h̄

This shows that the time-dependent wave function is the stationary wave
function multiplied by a phase factor. Therefore,

ψ0
n(t) = φ0

ne
−iE0

nt/h̄

In the case of a time-dependent perturbation:

ih̄
d

dt
ψn(t) =

(
Ĥ0 + Ĥ ′(t)

)
ψn(t)

We expand ψn(t) in the unperturbed eigenbasis:

ψn(t) =
∑
k

ck(t)φ
0
ke

−iE0
kt/h̄

This converts the time-dependent Schrödinger equation into a system of
differential equations for the time-dependent coefficients ck(t), which can be
solved using perturbation theory.

Question 15

What is the difference between the classical Schrödinger and Dirac
equations?

Answer

The main differences between the Schrödinger and Dirac equations arise from
the fact that one is non-relativistic and the other is relativistic.
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1. Schrödinger Equation (Non-Relativistic)

ih̄
∂

∂t
ψ(r, t) =

(
− h̄2

2m
∇2 + V (r)

)
ψ(r, t)

Key features:

• Describes particles moving at speeds much less than the speed of light.

• Scalar equation — wavefunction ψ is a single complex-valued function.

• Does not account for spin or relativistic effects.

• Predicts negative kinetic energies for large momenta (nonphysical in high-
energy regime).

2. Dirac Equation (Relativistic)

ih̄
∂

∂t
Ψ(r, t) =

[
−ih̄cα · ∇+ βmc2

]
Ψ(r, t)

Key features:

• Fully relativistic — consistent with special relativity.

• Wavefunction Ψ is a four-component spinor (describes spin- 12 particles like
electrons).

• Naturally includes spin and predicts electron magnetic moment.

• Predicts existence of antimatter (e.g., positron).

Conclusion

Schrödinger: valid for low-speed particles, no spin.Dirac: valid for high-speed particles, includes spin and relativity.
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